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SUMMARY
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The work dealing with

The status of three tasks rel
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Studies related to appropriate chemical kinetic mechanisms treat-

ing hydrogen-air combustion have been initi
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EFFECTS OF TEMPERATURE AND SPECIES FLUCTUATIONS

ON REACTION RATES IN TURBULENT, REACTING FLOWS
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1. Introduction

1.1 Overview

The prediction of turbclent reacting flows is @ major concern of

nce

current combustion research. Such modeling is required in order to enha

o design and evaluate the per-

the understanding of the phenomena involved and t

formance of combustion devices. A principle element to be derived from the

reaction rates of the various

modeling of these flows is an expression for the

species involved in any particular combustion process under consideration.

Currently, several approaches for the determination of the properties

of turbulent, reacting flows exist. [1] Of the present approaches, the method of

utilizing an assumed probability density function (pdf) for temperature and species

concentrations is selected for use in this study. The motivjation for selecting

this approach is its relative computational simplicity and basis in the probabilistic

nature of turbulence.

1.2 Objective

This work examines the effects of temperature and species concentration

g {lows by means of the assumed

fluctuations on reaction rates in turbulent reactin

pdf approach. The following items are the subject of the present stﬁdy:
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- 1. The most-likely joint pdf of reference [2] to describe effects of

temperature and species concentration fluctuations on the reaction rate.

2. The extension of the most-likely joint pdf of reference [2] to three
variables. This pdf is also used to describe temperature and species concentration
o fluctuations on the reaction rate.

Section 2 presents the general theory of pdf's and their use in calculating

the mean turbulent reaction rate constant. Section 4 presents the results of

these calculations. Section § presents the conclusions and direction for further

study.
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2.1 Continuous Random Variables and Probability Density Functions

A variable x may be thought of as a continuous random variable if it
can assume all values in some interval, where the endpoints of the interval may
be plus and minus infinity. In a rigorous mathematical sense, x is said to be
a continuous random variable if there exists a function p(x), which satisfies
the following conditions: (3]

px) 2 o
(1)
__mfm pix)dx = 1

It should be noted that p(x) by itself does not represent a proba‘bility. but rather
the area under the curve from a to b represents the probability that the continuous
random variable x will have a value somewhere on the interval. Thus the inter-
pretation of equation (1b) is that the probability that x has a value somewhere over
the entire range of values is unity. If the pdf is defined on a finite closed interval,
[a,b), the probability of x having a value outside this interval must of course be
2ero.

The expected, or mean value, of a continuous random variable x is

defined as: [3]

By = E() 2" x plx) dx (2)
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The variance of this same variable is defined as: [3]

°x2 = V(x) -_:_Jw( x = E(x) ) 2 p(x) dx (&)

The square root of the variance is the standard deviation.

The concept of the mean value of a continuous random variable can be
extended to functions of a continuous random variable. For example, let h(x)
be such a function. Then, the mean value of h(x) is: [3]

h(x) = .o/ h(x) p(x) dx (4)

Probability density functions can be defined for more than one continuous
random variable. These are sometimes termed joint, multivariable or multi-
dimensional pdf's. For a joint pdf of two continvous random variables, the
probability is represented by the volume under the surface described by the

pdf. For such a pdf, p(x,y), the conditions corresponding to equation (1) are: -

~

plx,y) 2 o

(5)
;T 1 plx,y) dxdy = 1

The concepts of "moments" of a one-dimensional continuous random
variable may be extended to multi-dimensional continuous random variables. For
example, the joint moment about the origin of a two-dimensional continuous random
variable, (x,y), is expressed as: [3]

Uxy = fw_mfc;yp (x,y) dxdy (6)

-

By comparison, equation (6) is seen to be an extension of equation (2).



—— ——— T
B A A e S T T
0 AT TR TR, VRN T AR T o TETTRER Yy WA 2
hiiitiemiind TR wmm

ORIGINAL §au U4
OF POOR QUAL!Y

The joint moment about the mean of a two-dimensional continuous random

variable, (x,y), is expressed as: [3]

¥ 2l 20t (x - E()) (y - E (y)) plx,y) dxdy ¢))

Xy

uxy is also called the covariance of x and y.

By comparison, equation (7) is seen to be an extension of equation (3).

If a joint pdf is specified, it is possible to examine the distributi-on of any
one of the continuous random variables by consideration of its marginal pdf.
For a two-dimensional pdf, p(x,y), the marginal pdf of x, for example is given
by: [3)

h(x) = _ ST p(x,y) dy ®
This marginal distribution of x may be thought of as the distribution of x, with A
the simultaneous behavior of the other variables suppressed. In other words, .

only the behavior of x is being examined.

Using the concept of a marginal pdf, the moment about the origin of any of ‘

the one-dimensional components of a multi-dimensional continuous random va'riable
may be expressed. For a two-dimensional continuous random variable, the moment
about the origin of x, for example, is given by:

U (x) =0l el xp (x,y) dydx 9)

Examination of equations (8) and (9) reveals that the moment about the origin of x

is expressedas the integral from - » to +w , with respect to x, of the product i
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of x and its marginal pdf.

In the case of joint pdf's and functions of more than one continuous random

variable, a similar expression to equation (4) can be written. For a function
dependent of two continuous random variables, say g(x,y), the mean value is
written as: [3] ) ?
TGN =Sl 8,y plx,y) dxdy )

The correlation coefficient, p xy’ is a parameter defined for the two-

dimensional continuous random variable (x,y) as:

E{[x-E][ly-E(W]} Qo)
V() V() o

pxy =

The numerator of the correlation coefficient is the covariance, shown in equation
. '

.lt is demonstrated in Reference [3] that the value of the correlation
coefficient is always between -1 and +1.

1f Pxy = % 1, x and y are linear function of each other. A negati\)e
value of P xy indicates one variable increases while the other decreases. A
positive value indicates that both variables increase or decrease gimultaneously.
A value of p close to zero only indicates the absence of a linear relationship between

x and y. It does not preclude the possibility of some nonlinear relationship.

2.2 Arrhenius Reaction Rate Constant and Reaction Rate Expressions

For the purpose of this study, the following one-step, irreversible i
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reaction is considered:

F+VvVO *P (12)

F,O,P = fuel, oxidizer, and product species, respectively

’

v = stoichiometric coefficient (molar)

The disappearance of F and O are related by:

e _'_1. ‘_'_C_O_ Q3)
dt v dt

where: CF , CO = concentrations of fuel and oxidizer, respectively

The negative signs in equation (13) indicate that the concentrations of F and O

decrease as the reaction proceeds. The reaction rate of fuel is expressed as:

. -dC. _ n. m
WE = - F = k('l‘)CF Co 673

< where k(T) Arrhenius reaction rate constant

! =
' ' T = temperature
n,m = constants dependent upon the particular reaction j

The Arrhenius reaction rate constant is expressed as: . : |

K(T) = ATBexp(-T,/T) (15) :

where A,B = constants dependent upon the particular reaction :
T = activation temperature of the particular reaction

A

Equation (15) can be modified by the introduction of the dimensionless temperature:

t = T - Thin (16)

T

max T nin

’ . i e e i e S Y R, Cen
S . T o ‘
. | 3 ) Lear B vif +
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The temperatures T‘max and Tmin are defined so that the dimensionless temperature

t can only assume values within the interval [0,1]. Thus, Tmin may be the lowest

temerature of the unreacted constituents and Tmax may be the equilibrium combustion

temperature of the reaction. Substitution of (16) into (15) yields:

B
k@) = A(klt + k2) exp [-TA/(klt + 1'.2)] . Q17
where k1 = Tmax 'Tmin
k2 = Tmin

Equation (14) is also modified by the introduction of the following dimensionless

concentrations:
min min
= Cg - Sf ro = ¢ - o (18)

. max min
min Co - C0

1n these expressions, “max" and "min" denote maximum and minimum values,

respectively. Equation (18) ensures that r and ry only assume values within

the interval (0,1). For the case where the minimum concentrations are zero and

the maximum concentrations are the initial values, the combination of equations

(14) and (18) yields:
b =k rpep P (19)

where C;. C:) = initial concentrations of fuel and oxidizer, respectively

~10-
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2.3 Mean Turbuleni Arrhenius Reaction Rate Constant and
Mean Turbulent Reaction Rate Expressionc

In a turbulent reacting flow, the mean turbulent Arrhenius reaction rate

constant can be calculated by treating the temperature as a continuous random

variable and specifying an appropriate probability density function for the -
temperature. This concept is emplcyéd in Reference [4], along with the

analogs of equations (4) and (17) in the present work, to yield:

K@ = of ! k®ptdt (20)
where k (1) = mean turbulent Arrhenius reaction rate constant

The above expression provides a direct, relatively simple method of taking into
account the effects of temperature fluctuations on the Arrhenius reaction rate
constant in a turbulent, reacting flow. ,

Similarly, the expression for the mean turbulent reaction rate can be

developed from an extension and combination of equations (10) and (19). . Thus:

== _ /1,1 (1 ¢ ]
Wg =0/ 70/ of wFp(t,rF.ro) dt drp drg (21) ‘
where -'q = Mmean turbulent reaction rate of fuel

This expressicn utilizes a joint pdf for temperature and species. Equations (20) ;

and (21) can be applied to one-step mechanisms or, multi-step mechanisms, by
considering each elementary reaction separately. The pdf's used here are 1
k

considered to be valid at an instant in titne, and thus are not functions of time.

-11-
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1n order to compare the magnitude of a mean turbulent Arrhenius reaction

rate constant to the corresponding laminar term, an “amplification ratio" is defined.

The laminar Arrhenius reaction rate constant is calculated by inserting the mean
dimensionless temperature in equation (17). The reaction rate constant amplifi- ?

cation ratio is obtained by dividing equations (20) by (17): .

Z = -Et/kl (22)
where Z = reaction rate constant amplification ratio -

i

kt = mean turbulent reaction rate constant '

corresponding laminar reaction rate constani

!

A similar term may be defined for the ratio of a mean turbulent reaction rate

to the corresponding laminar reaction rate. The laminar reaction rate is

’
[}

N jﬁ calculated by inserting mean values of dimensionless temperature and concentrations

into equation (19). The ratio of equation (21) and (19) defines the reaction rate |

amplification ratio: .

= o,
' = w,/wl 23) ,:
u 1 3

., where 2'= reaction rate amplification ratio
<

-“-'- = mean turbulent reaction rate

t
\'«l = corresponding laminar reaction rate |

Equation (23) is the reaction rate amplification ratio in which the mean

turbulent reaction rate is calculated with consideration of the combined effects of

i

[ ey s et ey p— 3 .
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temperature and species concentrations fluctuations. In order to compare this
amplification ratio to one which considers only temperature fluctuations, the

following is defined with the aid of equation (19):

o \n o \m
kt(rFCF) (roCo)

= AO\y= ~o M
k(rpCp) (ryCqy)

This expression involves a mean turbulent reaction rate in which a mean turbulent
reaction rate constant is employed along with laminar values of concentrations.
The corresponding laminar reaction rate also contains these same concentration
terms. Thus, the concentration terms cancel. The reaction rate amplification

ratio for this case is:
Z' = kt/kl (24)
This amplification ratio may be compared to that calculated by use of equation (23).

Hence, combined effects of temperature and species concentrations fluctuations

on the reaction rate may be compared to effects of only temperature fluctuations.

i matsadatin o e Ee e A
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3.  Joint Probability Density Functions For
Temperature & Species

3.1 Most-Likely Bivariate pdf for Two Species

A model which accounts for the combined effects of temperature fluctuations

St

and concentrations fluctuations of both fuel and oxidizer species, explicitly,

on the mean turbulent reaction rate is presented in this section. As an initial j

step in the formulation of such a model, temperature is treated as an independent
£ random variable, and as such, has no effect on the species concentrations.
Mathematically, the three-variable pdf for temperature and species is

expressed as: . 1

p(t,rp,rg) = f(t)g(rF,rO), 0t <1 (25)
0¢ e < 1
0¢< ro < 1 i
where f(t) = a pdf for temperature ]
g(rF,ro) = a joint pdf for the concentrations of fuel and :
oxidizer species
1
for the case where temperature is treated as an independent continuous random )
variable. Equation (25) is a valid pdf since it satisfies the following extension y
J
of equations (5a) and (5b) for a three-variable pdf: !
p(t,rF,rO) 20 (26a) ‘
i =

P I S Rtrpargddt drp drgy = 1 (26b) n
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of fuel and oxidizer species in this model. The most likely bivariate pdf of

< Reference {4] can be written in the generalized form:

1 The most-likely bivariate pdf is used as the joint pdf for the concentrations

A
Py() = alydexp( L, Ay ) (27)

where q(¥ ) is the a priori probability which, for non-reactive scalars, is a
constant. The ( ) +1) coefficients A)‘ are uniquely determined from the
moments and from the condition that the pdf integrates to unity. When the
gt first three moments are known for the pdf, it shows excellent agreement with
experimental data.

As an initial step in the utilization of the most-likely bivariate pdf for
> two species, a pdf based on the first moment about the origin of each species
concentration and the covariance of the two concentrations is selected. The
expression for the chosen form of the most-likely bivariate pdf for two species

is:

g(rF,ro) =q-exp( Ay + A Tp +2,7q+] 3rFrO)

¢

where q a constant

rF dimensionless concentration of the fuel

PEE ro :: dimensionless concentration of oxidizer

The continuous random variables in equation (28) are treated as passive scalars.

-15-
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With this simplification, the "q" term in equation (28) is a constant. The value

of this constant "'q" term is shown in Appendix A of Pef, 2 to have no effect on the
calculated value of the most-likely bivariate pdf and the values of the resulting

reaction rates.

, in equation

The values of the constant coefficeints, Ao, Py 1 WA 2 13

(28) are obtained from the simultaneous solution of the following constraint

equations for known values of-x:F, ;0 and TLTy!

1
1 3 -
of of g(rF ’rO)drF 'o = TF (30)
0!1 ojl TS g(rF,rO)dr dro = ;O (31)
D - ‘
of of (rF-rF) (ro-ro) g (rF.ro) drF rq = 1'7 é (32)

The pdf selected for temperature is either the beta pdf, the one-variable
most-likely pdf, as presented in reference [2] or the ramp pdf, based on certain
criteria specified in Reference (5]. The development and utilization of these

criteria are discussed in Reference {5) and will not be discussed here.

Equation (25) is used in an expression for the mean turbulent reaction rate

by considering the one-step, irreversible reaction, as in Section 2.2

F+ vO =P

fuel, oxidizer and product species, respectively

where F,0,P

v stoichiometric coefficient (molar,

-16-
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Assuming that both n and m are equal to unity in equation (19), the reaction rate

of the fuel may be written as:

. 0 )
wp = k(t) (rFCF) (roco) : (34)

For the case of statistical independence between temperature and species

concentration, the expression for the mean turbulent reaction rate of the fuel
species is obtained from a combination of equations (17), (21) and (25). This

yields:

— 1
w, = -Aof (k, t+k,)Pexp [T , /Ck, t+k,) ] K1) dt (35)

1 1
CFCS o/ of TgTg g(rF,ro) drp drO

The corresponding value of the laminar reaction rate is determined by inserting
the appropriate values of t, ;F and ;O into the combiration of equations (17)

and (33). This yields:

. - . B - - 0 _ 0
w, = -A (k t+k,))"exp [-TA/(l<1t+k2)]rFCF r'+Co 36)

The reaction rate amplification ratio is obtained by divid: _ equation (35) by (36).

This yields:

oY (kytok)Pexp [-T Ak tak,y) 1E ()

2 TSt M T BT ) drp drg

)
(k,Tok ) Pexp [T, Ak Tok ) 1 T T

- 17-
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The amplification ratio in equation (37) may be expressed as the product of a

term which accounts for the effects of temperature fluctuations, Z; , and a term

e which accounts for the effects of species concentrations fluctuations, Z!'_ .
R These terms are expressed as follows:
B - .
: g 1 -
@ Y (k, tk ) exp [T, /CkyT+ky) 1T (0 dt
S ;=
—. B -
s (k1t+k2) exp [-T A/(k1t+k2) )
- Lo }
. oftosiTET glr,rn) dre dr .
Z'r - FFO®YF”O" T F O (38)
| Trfo
T Comparison of equations (38) and (22) illustrates that Z; is equal to Z. ‘
, In this study, values of dimensionless mean concentrations are varied i
over the range 0O .O0to 1,0 ,andthe values of mean square fluctuations of
:—\ dimensionless concentration are varied over the range g, 0 t© 0.1 - The 1
;\S« value of the correlation coefficient between the fuel and oxidizer is assumed to 1
e be 0.9 [1]. The covariance can then be determined from: %
- O I —'2 -.2
j : re rg = o} re Ty (39)
h where p = correlation coefficient i
72 - mean square fluctuation
The computational procedure to determine Z'r is described below:
|
i
L !

-18 -
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D 1. Select values for reyTor T and 5 -
h _ 2. Calculate the covariance, using equation (39) and a correlation

coefficient of ~-0.9.

3. Use Newton's Method to solve for the constant coefficients of
equation (28).

4. Integrate equation (38) to calculate Z .

The entries to the augmented matrix for Newton's Method and the related
mathematical limitations for the most-likely bivariate pdf will be described in the next
status report. The data obtained from this parameter study are presented in
their entirety in Reference [6]. Representative results are presented in
Section 4.1. The results of this parameter study are being compared to

experimental data, to judge the validity of this mode! and the assumptions on

which it is based.

The mode!l given by Z = Z{ y Z;_ is currently being examined in a
large-scale computer program at NASA Langley. The portion of the reaction
rate amplification ratio which accounts for temperature fluctuations, is
calculated from either the beta pdf or the ramp pdf. The selection criteria is
specified in Reference [§]. Z; , the portion of the reation rate amplification

ratio which accounts for the effects of species concentration fluctuations is

supplied in the form of a subroutine for the computer program.

Subroutine FINDZ is called to find the value of the unmixedness multiplier,

Zr -- given the mass fractions of species A and B and the corresponding

fluctuations of the mass fractions.

- 19-
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The values of Z'r are stored as elements of the matrix ABCD. For .
given values of RA, RB, RSA, and RS , find Z;_. The problem is symmetric
in values for RA and RB; the same is true for values of RSA and RSE.

A finite number of values of Z;. are stored in ABCD. These correspond
toRA = 0, .1, .2, ...,1, RSB = 0., .01, .02, S I

The given values of RA, RB, RSA, and RSB are decimal figures with
more than one significant figure. Therefore, interpolation is necessary. This
is accomplished by finding the 16 values of Z;_ which are nearest neighbors to
the desired value - one larger and one smaller. For each given value of

RA, RB, RSA, and RSB, these sixteen values are added and the result is

divided by sixteen.

3.2 An Alternative Three-Variable Model

A [2]] three variable model for temperature and two species concentrations
is discussed in this section. The a‘ssumption of statistical independence between
temperature and species concentration has been dropped in this model. The
assumed pdf for the full three-variable model uses a joint pdf for both the
temperature and species concentrations, and is of the form:

’

p(t,rF,ro) = q- exp ()\o+)\at+)\2rF+>\ 3ro+>\~trp+>\ 5tro+>\6rpro) (20)

where q = a priori probability

A o~ A6 = adjustable constants

-20 -
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- This full three-variable model is an extension of the statistically "most-

likely" bivariate pdf in Reference [4) as shown in equation (27), when all of

the first and second moments are known for the pdf. The physical justification
for using this pdf and extensions of it was previously discussed in Section 3.1. ) |
The values of the constant coefficients, >‘0, Al’ )‘2, >‘3,)\ 1',)‘ 5 gnd >36'
in equation (40) are obtained from the sxmultaneous solution of the following ]
. constraint equations for known values of 1, ;F’ ;O’ ret', Tyt 'rl':tr('): "
]
of! of? o 7 pt, Tes ro) dtdrpdry = 1 141) :
ofloflofu p(t, rF,rO) ddrpdry = 1 “2) ‘
c',f1 ofl ::.{l r pt, rF,ro) dtdrdry = ;F 7)) }
o ofl ofl ofl rop(t,rF,ro) dtderro = ;O L) :
- of s st =D (g - Tp) Pt FpT) didrpdrg = T 45)
} of ot 1= (rg - 'r'o) pt, rpy ) dtdrdry = t'r, (46)
oL of‘oflof!(rp-?F)(ro-'r'"o)p(t,rF, ry) dtdrpdry = FF—% N CY)) '1
1
1
- The temperature and species concentration in equation (40) are treated .
as passive scalars. With this simplification, the "a priori'' probability q is a i
constant. The proof shown in Ref. 2  .can be extneded to show that the q :

term in equation (40) will not effect the calculated value of the pdf, p(t,rF.ro),

and therefore has no effect on the resulting reaction rate.

- -21 -
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The pdf, p(t.rF.rO). is used in an expression for the mean turbulent reaction

rate by considering any irreversible reaction of the form:

A+B =+ C=+D (48)

where A, B = reactants species 1

c,D product species : .
Assuming that both n and m are equal to unity in equation {14), the reaction rate

of the fuel may be written as:

o 0 0
wp = k(1) (rFCF) (rOCO) (49

A combination of equations (17), (21), and (25) yield an expression for the

mean turbulent reaction rate as:

. 0 1 1 B
o= ~ACECous of os U pteky) exp(-T o Ak tek)) ) (50)

. rFrOp(t g ,ro)dtderrd

The corresponding value of the laminar reaction rate is determined by inserting 4

the appropriate values of ., ro and T into the combination of equations (17),

and (33). This yields:

. B "L - - - 0
W = —Alk,tek)) exp (T A,(k.ukz))er’Froco (51)

The reaction rate amplification ratio is obtained by dividing equation (50) by

(51), yielding:
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ottt oferrO (k,t+k,) Bexp «[-TA/(k1t+k2)] p @, rF,ro)dtderro
(52)

o (k Tk YPexpl-T , Ak, k)]

In this parameter study, the dimensionless mean temperature and the
dimensionless mean concentrations are varied over the range from 0.1 to 0.9. -
The values of mean square fluctuations of dimensionless concentrations and
mean square fluctuations of dimensionless teizperature are varied over the range

from 0.01 to 0.09. The corresponding value of the covariance for rl': Ty ]

is determined from equation (39) using an assumed value of the correlation

¢))

coefficient of =0.9" 7. The covariance for rl':t’ and rét' are also calculated

- with a correlation coefficient of 0.9 for a similar form of equation (39).

JUTENe

oo The computational procedure to determine the values of the reaction
rate amplification ratio is described below:

Procedure

- - - V2 .2 ., 2 _
1. Select values fort, Tpr g rF 'y TS , t i

- 2. Calculate the three covariances using equation (39) and a value of !
the correlation coefficient of =0.9. i

3. Use Newton's Method to solve for the constant coefficients of i
equation (40). }

4. Choose values for B, T, Ty Tuax: i
|

1

5. Numerically integrate equation (52) to calculate Z .

o

The values chosen for A, B, T,y Ty Tyaxe C'l’:, Cg are given in Table 1.

Selected results of the parameter study undertaken are

presented in the next section.
-23 -
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4. Results
L 4.1 Selected Results of the Most-Likely Bivariate Pdf For Two Species
14 All numerical integrations are performed with the use of Simpson's .

Rule. The number of subintervals on the integration interval of [0,1] are large

enough so that no truncation error is incurred. The resulting value of Z;,-

is accurate to five places.

In addition to the limitations of the program from Newton's Method,
1 (f convergence problems were found from three other causes:
1. The value of ( A, + A3 t) was a term close to zero in the denominator.

 '.‘ 2. The value of the pdf became greater than 1 x 1038, or less than
: 1 % 16%% .  This can be caused from a poor initial guess, or

extreme values of the parameters.

. 3. The last problem was from one of the constraint equations. Equation :
S (32) can re rewritten as: i

1 1 - Tt -
of oS FETO p(rF,ro) derrO = TErG + Tply (53)
Since rl':rc') is always a negative term, for certain values of the parameters
the right hand side is less than zero. This violates statistical theory and

hence no convergence is possible for these values.

Figures 1 - 4 show the variation of Zr' with increasing mean square

fluctuations at constant mean species concentrations. As the fluctuations increase,

2r' always decreases. The lower limit of 2 r' is zero, the case where there is

- no reaction. This will occur when the turbulence is so great that the fluctuations

-24 -
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inhibit the reaction, or where one of the species is not present.

Because of the convergence problems indicated with the computer program,
results for high values of the mean square fluctuations were linearly extrapolated.
Once a value of zero was reached, it remained zero for all higher values c;f mean
square fluctuations. For the upper values of mean species concentrations Zr'
is approximately constant and approaches a value of 1.0.

Figure 5 shows the variation of Zr' vs mean species concentration for

constant values of mean square fluctuations. The value of Zr' increases with

increasing mean species concentration.

4.2 Preliminary Results for the Full Three-Variable Model

To decrease the computer time to calculate each Z value for the full
three-variable model, an exact transformation was used. The triple integrals,
which must be calculated to use Newton's Method for non-linear systems, where
reduced to double integrals where the variables are separable. All of the double

integrals have the following form:

2
~L/b)o
fORD S e dg dT (54)

T o=£(T)

where N = 0,1, 2, 3, 4

The augmented matrix for Newton's Method and a sample derivation of a double

.25 ~
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integral will be in a future progress report. When N = O, the integral over

o is a scaled Version of the bell shaped curve. ForN = 1,2, 3, 0r4,
the integral over g is a function of 0 and tae bell shaped curve.
One of the mathematical difficulties of Newton's Method is that convergence

of this method is dependent on an initial guess within acceptable bounds of the

exact answer.

As a first step toward an initial guess subroutine, restrictions were

placed on the variables to reduce the full three-variable model to the two-variable

model. (Note: in the following discussion, t is dimensionless temperature

and r and x arc dimensionless mean species concentrations A and B).

The restrictions on the three-variable model aret = randt

t and r can be considered dummy variables since they are integrated over the

same limits. Therefore lett o1 y. The pdf can now be wrilten as:
pdf = exp(} A4+ A, y+A y2)
o 1 4

cexpli Agt Aoyt Aax 4 Y g * A61 yx) %)

This now gives a value for the pdf which can be evaluated from the one and two-

variable pdf's. The initial guess subroutine can be developed b using power
® ! y Nl

scrics around exact solutions.

In the model where 7 - Zt Zr. is not a function of either ror x (species

A or B). Therefore, the integral over t can be placed inside the double integral
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over r and x and Z can be calculated from:

z=os or 0 Q explry + AYtAAy 1)

rexplg + Nt +AyXx+ A 5rx)  dxdrdt (56)
where Q = rxexpl -k'-l-t%(]ﬁ-é-.] (k,t + kz)B . 3
\ ] 1 2
? ) Z for the full three variable model under the restrictions indicated for

i equation (55) can be calculated from:

1 1
Z =0/ of expl} AO+A1Y+>\4y2]

.exp[%xo-# )‘2y+)‘3x+()\5+)‘6)YX]dydx C7)

Comparison of the Z value for the three variable model and Z calculated
by multiplying the one~variable temperature only pdf by the two-variable bivariate
?, pdf for two species can be evaluated by taking the difference between the values

and determine if it can be made arbitrarily small. In equation form: !

1, A + A, t + r+),X4), ,tr+).tx+ )Arx
Z - thr =°J'°J'°fxe‘ 0 1 >2 3 4 5 >6

" " (1] 2 ] L 1]
- exp(;\o +ayt4a ot Yexp ( Aot AT A HX +) srx)}dxdrdt
(58)

Under the restrictions of T = ¢ and T*° = ;,2' the difference between

the Z values is exactly zero, if the correlation coelficients are as follows:

ptr = +1.0
ptx = 0.9
Pry = =02




t
' There are no restrictions placed on species concentration B (X,x'2).
- - {
9
. 1
A
N
3
3
]
i
4
J'u i
2 .
|
H
i
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5. Conclusions and Direction for Future Work

5.1 Conclusions

S.1.1 Effects of Species Fluctuations on the Reaction Rate

" The effects of species concentration fluctuations on the reaction rate are
assessed by treating the species concentrations as continuous random variables.
A joint pdf is used to relate the variables. The total amplification ratio is the
@ mean turbulent reaction rate divided by the corresponding laminar value. The
reaction rate amplification ratio, which only accounts for the effects of species
concentrations, is discussed here. The results obtained for a parameter study
on Zr are the following:
1. The value of Zr is between 0 and 1.0.

2. For constant values of mean species concentrations of A and B .
(FA, FB) and for constant fluctuations of species A (FAZ), Zr

always decreases as fluctvations of species B(?éz) increases.

3. For constant values of fluctuations for species A and B and for
K constant mean species concentration of A, Zr increases as rA
Lo increases.

- 5.2 Direction for Future Work

1. Having exact answers to the three variable model, evaluate the
error in the program and write an initial guess subroutine.

2. See how Z compares to Zt : Zr for all of the mean quantities
not equal.

-29 -
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2 3. Compare Z vs Zt' Zr for different correlation coefficients. One .

suggestion is to set the value of the correlation coefficient between
species equal to ~0.9 and between temperature and species equal to
-0.99. These values were suggested by Antaki 1.

asat ik
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introuuction

~he =tudy of hydrogen fuelea supersonic combustion rzmjetc
(scrawiets) hzs been a major project irn the research progrers

of the lzncleyv Research center. A large corpuler profram W:sS

developed which solves flowing or stztic chemiczl kinetic proo-

LR e,

lems involving meny chemical species (Ref, 7). 'lhe progrer uses

- +ve concsarvétion ejuaticns (Ref, 8) for one-uimensionzl stezuy-

stzte €low ‘0 an=lyze & corplex reacting ges mixture flowing 1

e trrouch @1 Aroitrarily assignea zrea,

-t is known thzt the computational time rejuirerment for
this comnuter grrozrzm is proportionzl to the numver of srecies

S =nd rezc-ions veinrs tre:zteua, 11 is the purpose of this task "’

&£

to develor & methou which reduces thege numvers in the stua; of
: rvirosen-~ir ce~dusticn =nd &1 the szre time rreserve the ccrrecti |
prweics l-che~iczl peh-vior. _he resuli of ihls work will ke to
reduce conmputer time recuirements.
“ne method thz+ will obe usea in this psrer will re tn
cv+ercinn =nd refinins of the meincu (rorosed vy ohinitc {«el.9 ..

S ‘vis ~2trod involves the trzcking of & "irigier" specicl wrlcl .

ic uees 10 aeterrine wheiner the flow is in tn "irnizion" noac

R or in © "corpustion® moue., ifnition snu coruustlion ere ueIing.

o in tre clseciczl sense. lgnition delay time is Tiken 1o e toc
time rejuired for the temperzture increzse to rezch five rercent

Lo of the over=1ll terperature increzse,

cienitinn = cinitizl * 2009 (equitlioriun T Sinitic1)
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vhen tre temperature is less than wignition' the flow is in the
wienition" mode. Ctherwise, the flow is in the "combustion"
mode (see firfure 6).

This work Will try to show that while an extensive
chemicz1 packzge is needed to aescripe the "ignition" moae, &
emz]1ler packace is sufficient to dezl with the "comoustion" moae.
<vzns ~ndé Schexnnyaer concluded that a <5 reaction system involv-
ins .2 species (referrea to as 45k14)) was requirea to aescrioe
wirnition" processes while an 8(7) system sufficed to deal with
the "combustion" mode (Ref.10). ‘his paper will try to minirize
the computationzl time reguirements once the "comoustion" process
je iritistea (i.e. @ smeller pzckage or one thzt tzkes less COMpu-
tz=+ion3l ti~e thzn the £{7) system right suffice 1to cezl wizin
+re mcomsustion” moue;.

L ?7(13) syster will Dpe usea 28 the "test" chermic=1l kinetic
recvare (Lzdle 2). Any syster with smzller numoers will ve
weosted" zrsinst the 37(13) system 1o See if the ccrrect vnyeic.l-
cre~tcz]1 beh2vior is rreserved. nnis will ce zccovrlisneu in tne
faollowine w=y Firet, the full 37(:3) sysien vill pe run fro- the
initial state to ejuiliorium. hext the test system will ve run
fro~ the roint where the vcompustion" in the 37(13) syster initi-
ates., .he test system's initiel velues (pressure, temger-iure,
equiv: lence rztio, cherical composition) will ope thit of the
37(13) svetem's vezlues st the point of corbustion, lerperziure-
time profiles and chemiczl behzviors will be compzred (see firure
7). 1f the difference between the 37(13) system and the tect

-

cyvete~ is within zn zccertaole renge then the test syeter will ve
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sufficient to de~l with the “"combustion" process.

An 8(7) system (wable 3) will be tested to confirm the
results of Kvans and ;chexnayder. In oraer 1o further reduce
computs ti-~=1 tire, 2 2(%) global mouel {.:cvle 4) developed cy
Chinit» anc¢ Ro. ~r: (nef,11) will be tested., Lastly the re-yer
will try to test the partizl equilibrium assumption (Ref,12)

on *the tbove systems in en effort to absolutely mini~ize compu-

t=tionzl time. .o accorplish this, 2 large numoer of one-dimern-

0n

ion"1 constant pressure, H, - air computziions will be performeu

in the range;

(@]
*..n

n
8

18
-
W

vy
\n
[}
IN
[ ]
iN
',_.b
AN

(@]
o

O
n
IN
e}
'
-
o

wrere J iz tre ejvivulence rztio, 1 the temperature in ~:, <rnu
v 1 ¢ rressure irn ztimosrheres. = list of tnese inciviouzl cnege:
jc rivern in Lzile 5.

cf the mele frzetion of the trifcer srecies versus

Ilon

)]

irnitinn time znd iesnition time versus ignition tevperziure will

Ge ir sccordznce with the procese aescribed in reference 9.
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Freliminary nesults

The mz jor proulen in the first semester of work hed
been in the orer=tion of the computer prograr, Lhe program

had been runnins smoothly on the N, Y, L. operating system

(w3

until tre system was switchea to & uYouoR., At present the

rvo rem is not working out will oe operating within the

4

next © snte, AS 2 result progress has oeen slov.

o first 35 of the 45 cases have peen run usirz the

1)

extensive 37(13) rackage, (zses lu-2l using this pzckage

_+is vroblem hes been encounterea vefere in other siucies,
Tjfteen czces nAVe Leern rurn using the &(7) fror irniticxn

in 2qutlivrive, Flrures f-12s8hov tre o(7) syster corrireu to

the ?~{13) srster et = rrevsure cf one ztmosrhere, &n esuiva -

n

; set cf

4

g, zara various temperztures, .nl

1€

e

n comgprrirn:

co~r-rizors is tyricrl of the resulis founa
'~ evgter with e 37(13) sysien for trhe entire process, ai

~nc 200C% tire &(7) system legs verina the 37(i3) syste~.

sar -e~rer:tures of 10°6%:, 1100%, and 1200% the 27(.2)

cvcte~ l=fe pehind the ©(7) syster, .herefore, oetween i

rna 1a~~0 = transition tzkes plece. As & result ilhere ic

m

~

temper-tiure range 2al zyproximately 950°K where the t(7, syvetler

descrices poth the icnition ena combustion yrocesses.
Tirure 13 shows the comparison of the 37(13) ena the

“17) ayrte~rs in the corpusiion roae, As shown by wLvans and

Lerenn yaer the o(7) syster uescrives the cortustion wroces:

‘are runc of the u(7) uvstem starting at the comuustilon peoint

o

- 35 =




nf the 37(13) sycter are needeu for further verificstion.
Fifure 14 shows a logarithmic plot of mole frazction of

G versus irnition time. As shown in reference 9 the plot

ir linear =zna is thereby a gooa trigger species, MNore tect

cases will be needea to verify this,

)

Figure 15 shows & semilogarithmic plot cf ignition
time versuc the reciprocal of initial temperature for
botk the &(7) 2nd 37(13) systems. %he resulte here confir-

the work of Rogsers znd Schexnayaer,
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Conclusions &na (nservations
L
hece are preliminary conclusione basea only on the
initiz1 work done co far:
1. <+hre £(7) system does not describe the entire process 1
(i.e. ienition and combustion) except 21t 950°h, one
i =tmosvhere, znd zn eguivalence rztio of C.5. i
v 2. The w(7) svster aescripes the combustion process.
- . 2. i+ one ztmosnhere 2nd an ejuivelence ratio of 0.5
i
= . +ne lozwrith~ic plot of mole fraction of (¥ versus
jrnition time is linezar,
% 4Lt the s2~e concitiong &as apove, the effect of irnizi:l
. temperature on irnizion tire for the 37(13) p:=CK=ce
. apnfirme the resulze of reference 8.
. {
&
o o
] i
o 1
!
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The use of the stirred reactor concept to model combustion
regions of intense mixing and recirculation dates to Longwell,
et. al. (Refs. 12 and 13). Longwell's laboratory stirred
reactor, along with regions in a SCRAMJET engine which may be
modeled using stirred reactor theory, is shown in Fig. 1l6.
Reactors in which reactants and inerts exist in the gas phase
only are termed "perfectly stirred"; multi-phase systems are
"well-stirred."

A version of the perfectly-stirred reactor code developed
by Pratt (Ref. 14) was used along with chemical kinetic mechanisms
developed at LRC for ‘'hydrogen, hydrocarbon and silane combustion
(e.g. Refs 8, 15, and 16) to investigate blowout limits for neat
fuels and for mixtures of these fuels. Results are shown in
Figs. 17 through 27. The blowout limit, in all cases, was deter-
mined by examining computed curves of reactor temperature as a
function of the mass flow rate per unit reactor volume, m/vV. The

blowout limit was then determined as suggested in the sketch below:
™)

Equilibrium Flame
Temperature

i Blowout
Specified Reactants,

Initial Temperature,

System Pressure, and '
Fuel-air Equivalence Ratio

m/v
- 19 -
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The residence time in the reactor, related to im/V by

tp = p/(m/v)

is simultaneously calculated in the computer code. (Note that a
recent criterion for blowout developed by R. C. Rogers was not
available at the time the calculations reported upon herein were
made.)

Fig. 17 illustrates the effect of initial reactant temperature
and quantity of silane in the fuel on minimum residence times
required to avoid blowout of the flame. These results are for
H2 and CH, as the principal fuel constituents. It is of interest
that increasing SiH4 in the fuel results in a more substantial
effect for H, than for CH4. On the other hand, the results for H,

suggest that, at high initial temperatures, little stabilizing

effect is achieved for H,,/SiH4 until the silane concentration exceeds

5% by volume. Increasing the initial temperature, as expected,
increases the stable flame region. These same results may be noted
by reference to the cross-plot in Fig. 18.

Figs. 19 and 20 illustrate the flame stabilizing effect of
increasing the system pressure. As can be seen, the effect is sub-
stantial going from 0.2 atm to 2.0 atm wherein, at 1000°K for
example, minimum required residence time decreases from about 7 usec
(at 0.2 atm) to about 1 usec (at 2.0 atm).

The effect of equivalence ratio is indicated in Figs. 21 and 22
for a 20% SiH4/80% Hy fuel (by volume) at 1.0 atm. The stabilizinqg
effect of increasing the equivalence ratio ¢ is seen to be predomi-
nant at the lower values of initial reactant temperature To‘ For

example, at To = 600°K, tR decreases from about 3 x 10-4 sec (¢ = 0.

- 40 -
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to about 3 x 10"6 sec (¢ = 2.0); a decrease of two orders-of~
magnitude. On the other hand, at T = 1200°K, the decrease in
tR is from about 2 usec (¢ = 0.2) to 0.5 usec (¢ = 2.0).

The traditional stirred reactor plot of ¢ versus in/V is

shown for SiH4/H2 fuels (T, = 600°K, p = 1 atm) in Fig. 23. The
stabilizing effect of increased silane concentrations is again
noted. Of particular interest are the following:

1. The locus of maximum fn/V values increases from ¢ = 1 for
pure H, to about ¢ = 2.5 for pure SiH4; and

2. A reversal occurs below ¢ = 1.0 wherein the stable flame
region is greater in extent for lesser quantities of silane in the
fuel.

A possible explanation for these two findings is suggested in
Table 6 where it is noted that the principal initiating reactions
for silane oxidation are SiH4 pyrolysis followed by the very rapid
oxidation of the pyrolysis produce Sin. As seen, these two steps

are exothermic. However, the direct step O2 oxidation of SiH4 to

SiH3 and H02 is mildly endothermic when compared with the highly
endothermic steps which initiate the CH4 and Hy oxidation chains.
Hence, high silane concentrations relative to oxygen (i.e., high ¢
values) tend to result in greater flame stability due to the
exothermicity and relative rapidity of the principal chain-initiating
steps.

On the other hand, below ¢ = 1 flame stability is favored by
the higher exothermicity of the overall reaction (Table 6, ¢<1).

Since the heat of combustion of silane is substantially below that

of hydrogen and even the hydrocarbons, at low equivalence ratios

increased silane concentrations appear to have a destabilizing effect.

- 41 -
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- . A similar result is seen in Fig. 24 where SiH4/CH4 blowout limits
are shown. Fig. 25 again suggests the picture detailed above. For
example, the activation energy of the reaction

4 + M CH3 + H+ M

| CH

éfuj is given in Ref.1¢ as about 85,755 Kcal/gmole, while for
it is given as 64,968 Kcal/gmole. Hence, the relative rapidity of

the latter tends to favor C H8 at ¢>1. On the other hand, the

3
higher heat of combustion of methane favors it at ¢<l. These

predicted trends are verified in Fig. 25.

Figs. 26 and 27 summarize the results obtained for the neat

fuels in terms of residence time (Fig. 26) and #n/V (Fig. 27). 1In

general, for ¢>1 flame stabilization is favored by the use of

silane in the fuel mixture and by the use of the higher hydrocarbons

(above CH4). For ¢<1, silane may serve to reduce flame stability
and the use of methane is favored over the higher hydrocarbons. Also
favoring flame stability are high initial reactant temperatures and

high pressures.

it e A
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Nomenclature

pre-exponential constant

temperature exponent ’
instantaneous concentration

initial concentration

expected (mean) value of x

denotes a fuel species

joint probability density function of (x, Y)

function of the two-dimensional continuous random
variable (x, y)

mean value of g(x, y)
function of the continucus random variable, x
Arrhenius reaction rate constant

constants dependent upon Tmi and Tma

n X

laminar Arrhenius reaction rate constant

mean turbulent Arrhenius reaction rate constant
constant, defined in equation (30)

denotes maximum value

denotes minimum value

order of reaction constant

denotes oxidizer species

denotes a product species

probability density function of x

joint probability density function of (x, y)

dimensionless concentration and constant defined
by equation (30)
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mean dimensionless concentration

mean square fluctuation of dimensionless
concentration

dimensionless temperature
mean dimensionless temperature

mean square fluctuation of dimensionless
temperature

temperature
activation temperature
variance of x
reaction rate

laminar reaction rate

mean turbulent reaction rate

reaction rate constant amplificatioa ratio

reaction rate amplification ratio

gamma function

mean of a continuous random variable, x
kth moment of a random variable

variance of a continuous random variable

,correlation coefficient
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A

Table 1. Case Data
%ﬁfe B :A Imax
- (°K) (°K)
1l 0 10116 2500
2 0 5000 2500
3 1 10116 2500
4 0 10116 3000

= 13
A=8.4x103, T

= 500°K, for

- 47 -
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Figure 1: Variation of the reaction rate amplification
ratio with mean square fluctuation for
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Figure 2: Variation of the reaction rate amplification
ratio with mean square fluctuations for

Th-0.2 , T, 0.9
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